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Abstract. In the framework of a gauge invariant continuous and non-perturbative regularization scheme
based on the smearing of point-like interactions by means of cutoff functions, we show that the axial
anomaly, though cutoff independent, depends on the shape of the cutoff functions. The standard value
for the strength of the axial anomaly is recovered if we assume that the regularized gauge invariant axial
current is in addition local.

1 Introduction

Since its discovery fifty years ago [1], and its recognition as
an intrinsic feature of the regularization of gauge theories
in QFT [2,3], the multiple properties of the axial anomaly
were extensively studied. As we know, if a subtracting
regularization scheme is used in perturbation theory, like
for example the Pauli–Villars regularization [4], the ax-
ial anomaly is finite at the one loop order, and its value
is determined only once one has decided which symme-
try must be preserved. This is due to the fact that the
integral associated to the triangular Feynman diagram is
linear divergent, and hence its finite part becomes ambigu-
ous because it depends of the shift of the loop momentum
integration variable [3]. It is in this sense that Jackiw [5]
emphasized recently that the axial anomaly is an exam-
ple which shows that radiative corrections can be finite,
but undetermined in QFT. We show in the framework of
QED that the undetermined nature of the axial anomaly
gets stronger if we use a continuous and non-perturbative
gauge invariant regularization based of the smearing of
point-like interactions by means of cutoff functions [6].
It appears that at one loop order the form of the axial
anomaly is the standard one, but its strength depends on
the shape of the cutoff functions if strict locality for the
regularized axial current is not assumed. In order to de-
rive this result we calculate directly the Green’s function
〈Jµ

5 (q)Aα(k1)Aβ(k2)〉 relative to the transition amplitude
of the axial current Jµ

5 (q) to two photons in momentum
space starting from the regularized equations of motion of
QED.

2 The divergence of the axial current

First of all we recall briefly the main features of the non-
perturbative regularization scheme under consideration
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[6]. The regularized action is

S(ψ, ψ̄, A) =
∫

dk̄ψ̄(k)
(
ρ2
1(k)k/−m

)
ψ(k)

−e
∫

dp̄dp̄′ψ̄(p)Aµ(p− p′)Γµ(p, p′)ψ(p′)

+
+∞∑
n=0

(ie)(n+2)

(n+ 2)!

∫
dk̄dp̄dp̄′ψ̄(p)Kn+2(k, p, p′)ψ(p′)

+SGauge, (2.1)

where we have used the notation dp̄ for dp/(2π)4. The
fermionic part of the action is the sum of three terms and
is regularized in a gauge invariant manner with the help of
the cutoff functions ρi(k) ≡ ρi(k2/Λ2) whose asymptotic
forms are

lim
Λ→∞

ρi(k, Λ) = 1. (2.2)

Apart from the fact that in euclidean space the UV cutoff
functions must be positive and rapid decreasing functions
of the squared momenta, their form is quite arbitrary. The
first term which is the free electron kinetic term gives
the expression of the regularized free electron propaga-
tor. The second term can be deduced from the standard
non-regularized electron photon interaction if we substi-
tute the bare vertex γµ by

Γµ(p, p′) = ρ3(p− p′)
[
ρ2(p)ρ2(p′)Γµ(p− p′)

+
(p− p′)µ
(p− p′)2

(
ρ2
1(p)p/− ρ2

1(p
′)p/′) ]

. (2.3)

By construction Γµ(p, p′) contains a transverse part rel-
ative to the momentum p − p′, which is proportional to
Γµ(p− p′), where

Γµ(q) = γµ − q/
qµ

q2 . (2.4)
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The third term is defined by the kernel

Kn+2(k, p, p′) = Fn+2(p− k, k − p′)ρ2
1(k)k/

+i(n+ 2)
∫

dq̄ρ3(q)Aµ(q)Γµ(q)

×Fn+1(p− k, k − q − p′)ρ2(k)ρ2(k − q), (2.5)

Fn+1(p, q) = −i
∫

dr̄ρ3(r)
rµ

r2

× (Fn(p− r, q)− Fn(p, q − r))Aµ(r), (2.6)

with F0(p, q) = ((2π)4)2δ(p)δ(q). This term, which de-
scribes an infinite set of interactions between two elec-
trons and any number of photons (at least two), ensures
that the vertices of each n-photon amplitude are automat-
ically constructed with the matrices (2.4) and hence are
transverse relative to the external photon momenta. Fi-
nally SGauge is the sum of the standard non-regularized
photon kinetic term, of the gauge fixing terms and a new
interaction which is quadratic in the photon fields. The
new term which is proportional to the fine structure con-
stant α plays the role of a counterterm for the polariza-
tion operator which shows a quadratic divergence in its
transverse part in this regularization scheme. Moreover
this term, which is needed to fix the value of the photon
mass, is non-renormalized by higher order radiative cor-
rections and can be absorbed in the photon propagator
[6].

Now we are able to calculate the divergence of the
axial current. From the regularized equation of motion
〈δS(ψ, ψ̄, A)/δψ̄(p)+η(p)〉 = 0 which is deduced from the
translational invariance of the regularized partition func-
tion of QED in the presence of the external sources η,
η̄ and J for the electron and photon fields, we first de-
duce the vacuum expectation value of the electron field
in the presence of the external sources. Then, the deriva-
tion of this latter expression with respect to the exter-
nal sources allows one to express the Green’s function
〈Jµ

5 (q)Aα(k1)Aβ(k2)〉 by
〈Jµ

5 (q)Aα(k1)Aβ(k2)〉
= e

∫
dp̄dp̄′

〈
ψ̄(p− q)γµγ5

×S(p)Aγ(p− p′)Γγ(p, p′)ψ(p′)Aα(k1)Aβ(k2)
〉

−
+∞∑
n=0

(ie)(n+2)

(n+ 2)!

∫
dk̄dp̄dp̄′

×
〈
ψ̄(p− q)γµγ5S(p)Kn+2(k, p, p′)

×ψ(p′)Aα(k1)Aβ(k2)
〉
. (2.7)

In this expression S(p) is the regularized free electron
propagator 1/

(
ρ2
1(p)p/−m

)
and Jµ

5 (q) is the Fourier trans-
form of the axial current ψ̄γµγ5ψ. Expressing the con-
nected part of the Green’s function (2.7) in terms of 1PI
functions with the help of Schwinger’s sources technique,
and keeping only the lower order terms in the coupling
constant for the vertex function and for the electron prop-
agator, we get

γ γµ 5

k
p+k

)1Γ Γγ(k δ k

2

1

1k

2
( )

 q

p p+k1+k2

  

Fig. 1. The structure of the regularized triangular diagram

〈Jµ
5 (q)Aα(k1)Aβ(k2)〉 = ie2δ(q + k1 + k2)
×ρ3(k1)ρ3(k2)Dαγ(k1)Dδβ(k2)

×
∫

dpρ2(p+ k1 + k2)

×ρ2
2(p+ k1)ρ2(p)Trγµγ5S(p)Γ γ(k1)S(p+ k1)

×Γ δ(k2)S(p+ k1 + k2)
+(α, k1 ←→ β, k2), (2.8)

where Dµν(p) is the photon propagator. Here we must
stress that this result was obtained in two steps. The
first term of (2.7) gives an expression similar to (2.8),
but with the matrices Γ γ(k1) and Γ δ(k2) replaced respec-
tively by their non-transverse counterparts Γ γ(p + k1, p)
and Γ δ(p+k1, p−q) 1. It is only when we take into account
the second term of (2.7) that the non-transverse part of
the vertices associated to the external photons lines can-
cel algebraically after some judicious shift of integration
variable. We define the 1PI function Γµγδ

5 associated to
the Green’s function (2.8) by

〈Jµ
5 (q)Aα(k1)Aβ(k2)〉 = (2π)4δ(q + k1 + k2)

×Dαγ(k1)Dδβ(k2)Γ
µγδ
5 (k1, k2). (2.9)

In the same way we also define the 1PI function Γ γδ
5 asso-

ciated to the amplitude 〈J5(q)Aα(k1)Aβ(k2)〉, where J5(q)
is the Fourier transform of the pseudoscalar density ψ̄γ5ψ.
Owing to the transversality property of the matrices (2.4),
we see directly by inspection that the amplitude Γµγδ

5 (2.9)
is transverse with regard to the external photons lines, i.e.

k1γΓ
µγδ
5 = k2δΓ

µγδ
5 = 0. (2.10)

Notice that due to the gauge invariant regularization used,
the structure of the 1PI function (2.9) which is represented
by the triangular diagram of Fig. 1 can also be deduced in
a straightforward manner, if we impose from the beginning

1 This expression converges formally to the standard non-
regularized triangle amplitude when the cutoff tends to infinity
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the conditions (2.10). Is the axial current conserved as
well? If we contract the two members of the relation (2.8)
by the momentum (k1+k2)µ of the two incoming photons,
use the identity

q/ = ρ−2
1 (p+ q)S−1(p+ q)− ρ−2

1 (p)S−1(p)

+ m
(
ρ−2
1 (p+ q)− ρ−2

1 (p)
)
, (2.11)

and shift the integration variable p by p−k1, the definition
(2.9) leads to the regularized expression

(k1 + k2)µΓ
µγδ
5 (k1, k2)

= i
e2

(2π)4
Tr

∫
dp

[
ρ2
2(p)ρ2(p− k1)ρ2(p+ k2)

×
(
ρ−2
1 (p+ k2)γ5S(p− k1)Γ γ(k1)S(p)Γ δ(k2)

+ρ−2
1 (p− k1)γ5Γ

γ(k1)S(p)Γ δ(k2)S(p+ k2)
)

+2mρ2
2(p)ρ2(p− k1)ρ2(p+ k2)

×ρ−2
1 (p+ k2)γ5S(p− k1)Γ γ(k1)

×S(p)Γ δ(k2)S(p+ k2)

]
+ (γ, k1 ←→ δ, k2). (2.12)

Due to the properties of the γ5 matrix, and those of the
totally antisymmetric tensor εµνγδ, only the terms con-
taining the product of the two matrices γγ and γδ con-
tribute to the trace of (2.12). In this case it is easy to see
that the term proportional to 2m is finite and is nothing
else but the standard amplitude Γ γδ

5 [7]. Thus we obtain
for (2.12)

(k1 + k2)µΓ
µγδ
5 (k1, k2)

= 8
e2

(2π)4
εγδρσ

∫
dpρ2

2(p)ρ2(p− k1)ρ2(p+ k2)

×ρ−2
1 (p)ρ−2

1 (p− k1)ρ−2
1 (p+ k2)

[
k1ρpσD(p)D(p− k1)

+k2ρpσD(p)D(p+ k2)
]
+ 2mΓ γδ

5 (k1, k2). (2.13)

Here we have rewritten the regularized free electron prop-
agator S(p) as ρ−4

1 (p)(ρ2
1(p)p/+m)D(p), where

D(p) =
1

p2 −m2ρ−4
1 (p)

. (2.14)

Now some remarks have to be made.
(1) From the property (2.2) we obtain the standard lin-
early divergent piece of the amplitude (k1 + k2)µΓ

µγδ
5

[7] which induces the axial anomaly if we formally inter-
change the limit with the integral symbol.
(2) The pseudotensorial structure of the first term of (2.13)
implies that the two regularized integrals on the right-
hand side of (2.13) do not vanish only because the product
of the cutoff functions is a function of both the external
momenta k1 and k2.
(3) The first term on the right-hand side of (2.13) is inde-
pendent of m because its derivative with respect to m is
finite and zero.

(4) The first term on the right-hand side of (2.13) van-
ishes as k1 = 0 or k2 = 0. Therefore, if we parametrize
respectively the shape of the UV cutoff functions ρ1(k) ≡
ρ(ak2/Λ2) and ρ2(k) ≡ ρ(bk2/Λ2) by two real numbers a
and b, it follows from dimensional analysis and from the
requirement of Lorentz invariance that the right-hand side
of (2.13) is given by

(k1 + k2)µΓ
µγδ
5 (k1, k2) = i

e2

2π2 c(a, b)ε
γδρσk1ρk2σ

+ 2mΓ γδ
5 (k1, k2), (2.15)

where c(a, b) is a dimensionless and finite real function.
Moreover if we rescale the parameters a and b respectively
by as and bs, where s is a real constant, it is easy to see
from (2.13), (2.14) and (2.15) that c(as, bs) = c(a, b). This
implies that we can write

c(a, b) ≡ c(x), (2.16)

x being the ratio b/a.
The fact that the function c(a, b) is an homogeneous

function of zeroth order with respect to the real variables a
and b shows that the strength of the axial anomaly (2.15)
which is due to the regularization of an evanescent opera-
tor is sensitive to the relative shape of the cutoff functions,
but is independent of the rescaling of the cutoff Λ. Next
we show that this is indeed the case.

We choose for example the following cutoff functions:

ρ1(p) = eap2/Λ2
, ρ2(p) = ebp2/Λ2

, (2.17)

whose shape is parametrized by the real positive numbers
a and b. In addition the signature of the euclidean metric
is taken as (−1,−1,−1,−1). If we suppose that

b

a
>

3
2
, (2.18)

then the function D(p) can be substituted by 1/(p2 −
m2) without changing the result of the integration since
the product of the cutoff functions is proportional to exp
(p2(4b− 6a)/Λ2) in the integral on the right-hand side of
(2.13). In this case we can perform an analytical calcula-
tion2, and we obtain for the function (2.16),

c(x) =
x− 2
4x− 6

. (2.19)

The point of discontinuity of the function (2.19) reflects
the fact that the integral on the right-hand side of (2.13)
is not regularized in the limit of exact vanishing electron
mass when the value of the ratio x is 3/2.

Since the first piece on the right-hand side of (2.13) is
regularized for all positives values of a and b and since the
function c(a, b) is independent of m, it is worth to notice
that, even though the result (2.19) was derived under the
condition (2.18), this result holds for any positive values

2 The integrals necessary to the calculation are listed in the
appendix of [6]
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of x. It follows from (2.19) that the strength of the axial
anomaly is not fixed if the relative shape of the cutoff
functions is not constrained. We recover the standard one
loop value e2/(2π)2 for the coupling constant of the axial
anomaly when the function (2.19) verifies

c(x) = 1, (2.20)

i.e. when the ratio x of the shapes of the cutoff functions
is constrained by the condition x = 4/3.

Is the result (2.15) specific to the regularization used?
Can we understand the physical meaning of the condition
(2.20)? In order to answer these questions we study the
structure of the regularized axial current.

3 The regularized axial current

In order to calculate the 1PI function Γµγδ
5 (2.9) we start

from the expression of the regularized amplitude (2.8),
and write

Γµγδ
5 (k1, k2) = Iµγδ

1 (k1, k2) + Iµγδ
2 (k1, k2)

+ (γ, k1 ←→ δ, k2). (3.1)

The first term Iµγδ
1 is due only to the contributions of the

Dirac matrices which enter in the vertices (2.4) and con-
verges formally to the standard non-regularized triangle
graph when the cutoff tends to infinity. As for the sec-
ond piece Iµγδ

2 , it is only a sum of terms proportional to
kγ
1/k

2
1 and kδ

2/k
2
2. Due to the properties of the γ5 matrix,

the term proportional to kγ
1k

δ
2/k

2
1k

2
2 does not contribute. If

we use the identity (2.11), we obtain the simple expression
for Iµγδ

2 in a straightforward manner, i.e.

Iµγδ
2 (k1, k2) = i

e2

(2π)4
Tr

∫
dp

kγ
1

k2
1
γ5γ

µ

×
[
ρ2(p+ k1 + k2)ρ2(p)

(
ρ−2
1 (p+ k1)ρ2

2(p+ k1)

−ρ2
2(p+ k2)ρ−2

1 (p+ k2)
)
S(p)γδS(p+ k1 + k2)

+ρ2(p+ k2)ρ2(p)
(
ρ2(p+ k2)ρ−2

1 (p+ k1 + k2)

×ρ2(p+ k1 + k2)− ρ2(p− k1)ρ2(p)ρ−2
1 (p− k1)

)

×S(p)γδS(p+ k2)

]
. (3.2)

This integral vanishes formally and is linear divergent
when the cutoff tends to infinity. The two divergences,
which are in fact logarithmic3 cancel each other, and with
the particular choice (2.17,2.18) for the cutoff functions,
we obtain the finite expression

Iµγδ
2 (k1, k2) = i

e2

4π2 (1− c(a, b))
kγ
1

k2
1
k1ρk2σε

µδρσ, (3.3)

3 This is because the result of the integration is a linear com-
bination of the external momenta

with c(a, b) given by (2.16) and (2.19). The calculation
of the first term of (3.1) is more involved. Expanding the
trace, and isolating the finite term proportional to m2, we
obtain in an intermediate step

Iµγδ
1 (k1, k2) = 4

e2

(2π)4
εµγδρ

∫
dpg(p, k1, k2)pρ

+i
e2

(2π)4

∫
dpf(p, k1, k2)

[
4iεµγδρ(k1 − k2)ρp2

+8iεµγδρpk1k2ρ − 8iεµγρσpρk1σ(p+ k2)δ

−8iεµδρσ(p− k1)γpρk2σ − Trγ5γµγγp/k/1k/2γ
δ
]

+4
e2

(2π)4
m2εµγδρ(k1 − k2)ρ

∫
dpf(p, k1, k2), (3.4)

where we have defined the functions f(p, k1, k2) and g(p,
k1, k2) in terms of D(p) (2.14) as

f(p, k1, k2) = ρ2(p+ k2)ρ−2
1 (p+ k2)ρ2

2(p)ρ
−2
1 (p)

×ρ2(p− k1)ρ−2
1 (p− k1)D(p+ k2)D(p)

×D(p− k1),
g(p, k1, k2) = f(p, k1, k2)D(p)−1. (3.5)

If it is not regularized, the remaining part of Iµγδ
1 con-

tains two kinds of UV divergences. The first divergence is
linear and comes from the term containing the function
g(p, k1, k2). This divergence is reduced to the sum of a
logarithmic one, which is proportional to the asymptotic
form (k1 − k2)ρεµγδρ

∫
dp/p4, and of a constant which de-

pends on the shape of the cutoff functions. The second di-
vergence which comes from the expression in the brackets
is purely logarithmic, and is induced by the asymptotic
forms εµγδρ(k1 − k2)ρ

∫
dpp2/p6 and k1σε

µγρσ
∫
dppρp

δ/

p6 + k2σε
µδρσ

∫
dppρp

γ/p6. Because the two kind of diver-
gences cancel each other in the regularized form (3.4), it
follows that the term Iµγδ

1 is indeed finite. Finally when
the cutoff functions (2.17) obey the condition (2.18) we
get the analytical expression for the complete amplitude
Γµγδ

5 (3.1)

Γµγδ
5 (k1, k2) = i

e2

2π2

×
[
k1ρε

µγδρA1(k1, k2) + k2ρε
µγδρA2(k1, k2)

+k1ρk2σk
δ
1ε

µγρσA3(k1, k2) + k1ρk2σk
δ
2ε

µγρσA4(k1, k2)

+k1ρk2σk
γ
1 ε

µδρσA5(k1, k2)

+k1ρk2σk
γ
2 ε

µδρσA6(k1, k2)
]

−i e
2

2π2m
2(k1 − k2)ρεµγδρI00(k1, k2). (3.6)

In this expression all the Ai are finite, and are given in
terms of the integrals4

Ist(k1, k2) =
∫ 1

0
dx

∫ 1−x

0
dy

4 Our definition of the integrals Ist is similar to that of
Rosenberg’s [8] if k1 is exchanged with k2
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× xsys

−x(1− x)k2
1 − y(1− y)k2

2 − 2xyk1k2 +m2 , (3.7)

by

A1(k1, k2) =
1
2

(
c(a, b) + k2

1I10(k1, k2)− k2
2I01(k1, k2)

)
,

(3.8)
A2(k1, k2) = A1(k1, k2)− c(a, b), (3.9)
A3(k1, k2) = −2I11(k1, k2) , A6(k1, k2) = −A3(k1, k2),

(3.10)
A4(k1, k2) = −2 (I01(k1, k2)− I02(k1, k2))

− 1
2k2

2
(1− c(a, b)) , (3.11)

A5(k1, k2) = 2 (I10(k1, k2)− I20(k1, k2))

+
1

2k2
1
(1− c(a, b)) , (3.12)

with c(a, b) given in this case by (2.16) and (2.19). Since
the integrals Ist verify the property

k2
2 (I01(k1, k2)− 2I02(k1, k2))
= k2

1 (I10(k1, k2)− 2I20(k1, k2)) , (3.13)

the amplitude Γµγδ
5 is transverse with regard to the ex-

ternals photons lines, and as expected we recover the ex-
pression (2.15) for the divergence of the axial current.

Now we show that the expression of the amplitude
(3.6) is quite general, in the sense that its form is un-
changed when the value of the factor c(a, b) is not con-
strained by the condition (2.18).

From the property g(−p, k1, k2) = g(p, k2, k1), it fol-
lows that the finite cutoff dependent part of the integral
εµγδρ

∫
dpg(p, k1, k2)pρ is proportional to εµγδρ(k1 − k2)ρ.

Then, if we compare the divergence of the axial current
obtained from (3.6) with the general expression (2.15), we
conclude that the factor c(a, b) which enters in A1 (3.8)
and A2 (3.9) is just the factor c(a, b) entering in (2.15).
Finally the requirement of gauge invariance implies that
the factor c(a, b) which enters in A4 (3.11) and A5 (3.12)
is again the general factor c(a, b) of (2.15). We can no-
tice that the factors A4 and A5 are similar to the finite
factors obtained by Rosenberg [8] with dimensional argu-
ments, if and only if the value of the factor c(a, b) is one
(2.20). In this case, the axial anomaly (2.15) has the stan-
dard numerical value and the contribution (3.3) of Iµγδ

2

vanishes. Since the integral Iµγδ
2 vanishes formally as the

cutoff goes to infinity and is thus due to the contribution
of an evanescent operator, the fact that the axial anomaly
can be undetermined is directly related to the non-uniform
convergence of the regularized integrals, as we will now
see.

4 Discussion

In perturbation theory the amplitudes are in general reg-
ularized through the regularization of individual Feynman

diagrams. If we define the standard non-regularized ampli-
tude Γµγδ

5 (k1, k2) ≡
∫
dpAµγδ

5 (p, k1, k2), we know from [3]
that the difference of two non-regularized triangle graphs,
which differ only by a shift of integration variable, is given
by∫

dpAµγδ
5 (p, k1, k2)−

∫
dpAµγδ

5 (p+ ak1 + bk2, k1, k2)

∝ (b− a)εµγδρ(k1 − k2)ρ. (4.1)

The term on the right-hand side arises from a surface
term when the remaining integral is evaluated symmet-
rically. This term, which induced the anomaly, is undeter-
mined because it contains the arbitrary real constants a
and b. Thus if we regularize the amplitude Γµγδ

5 by sub-
tracting the divergence [9] from its integrand, the unde-
termined contribution to the finite part reflected by (4.1)
is suppressed if we impose a symmetry condition like for
instance gauge invariance. Since, due to dimensional ar-
guments the Ai for i ≥ 3 are finite [8], this method is
equivalent to uniquely fixing, by the requirement of gauge
invariance, the finite part of A1 and A2 [8] without any
kind of regularization. The net result is that one obtains
the standard numerical value for the axial anomaly. As we
have seen, the conclusion is different when we start with
regularized amplitudes by means of cutoff functions.

The reason is the following. Suppose that we regularize
the standard triangle graph by hand by substituting the
free electron propagator S(p) by S(p)ρ(p), where ρ(p) is a
cutoff function of the kind (2.17)5. Then the regularized
amplitude

Γµγδ
5Reg(k1, k2) ≡

∫
dpAµγδ

5 (p, k1, k2, Λ) (4.2)

is finite, non-gauge invariant and given by (3.6) if we sup-
press respectively the term proportional to 1/k2

2 and 1/k2
1

in (3.11) and (3.12). It follows that the regularized form
of the left-hand side of (4.1) is now zero because the two
integrals are invariant under a change of variable. Since
limΛ→∞Aµγδ

5 (p, k1, k2, Λ) = Aµγδ
5 (p, k1, k2), the discrep-

ancy between the two results for the left-hand side of (4.1)
is a consequence of the non-uniform convergence of the
regularized integrals. In this case the fact that the triangle
graph is undetermined is not due to the shift of integration
variable, but to the arbitrary choice which we can make for
the cutoff functions. Is the strength of the axial anomaly
fixed by gauge invariance in a regularization based on the
introduction of cutoff functions in momentum space?

The structure of the 1PI function Γµγδ
5 (3.6) associ-

ated to the regularized triangular diagram is general and
is independent of the regularization scheme. The condi-
tions which are necessary for the gauge invariance of the
regularized amplitude (3.6) are [8]

A1(k1, k2) = k1k2A3(k1, k2) + k2
2A4(k1, k2),

A2(k1, k2) = k1k2A6(k1, k2) + k2
1A5(k1, k2). (4.3)

5 Such a method was used in order to regularize the diver-
gence of the axial current in [11] in a non-gauge invariant man-
ner
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It follows that there are two possibilities in order to regu-
larize the triangular diagram in a gauge invariant manner.

(1) Only the factors A1 and A2 which enter the conditions
(4.3) are functions of the parameters which define the
shapes of the cutoff functions. This is the case in per-
turbation theory, where each diagram is regularized
independently by multiplying the free propagators or
the free vertices by suitable cutoff functions. Then the
conditions (4.3) of gauge invariance impose that these
parameters must verify a relation similar to (2.20). If
the overall cutoff function which regularized the ana-
logue of the integrals (3.4) and (2.14) depends on more
than one parameter, then (2.20) can have a solution.
The strength of the axial anomaly is then fixed to
its standard value by the requirement of gauge invari-
ance. In this case it is worth to notice that in general
only the triangle graph is regularized in a gauge in-
variant manner, but not the other diagrams.

(2) By adding an evanescent operator we allow the factors
A3, A6, or the factors A4, A5 to depend also on the
parameters of the cutoff functions. In this case the re-
quirement of gauge invariance (4.3) fixes the structure
of the former factors in terms of the parameters of the
cutoff functions, but does not imply any supplemen-
tary constraints for these parameters. As a result the
strength of the axial anomaly stays undetermined.

It is just the second possibility which is realized when
we use a gauge invariant non-perturbative regularization
scheme based on the smearing of the point-like interac-
tion by the introduction of cutoff functions. In this case
the relations (4.3) are fulfilled at the onset without any
supplementary constraints for the parameters of the cut-
off functions, because now A4 (3.11) and A5 (3.12) contain
a term which is proportional to (1− c(a, b)). These terms
are induced by the regularization which is used and arise
from the contributions (3.3) to the regularized amplitude
Γµγδ

5 (3.1) of the integrals (3.2) which vanish formally
when the cutoff tends to infinity. The contributions (3.3)
of the evanescent operators (3.2) to the regularized ax-
ial current defined by (2.9) can be expressed in operator
language in terms of the dual F ∗µν ≡ εµνρσFρσ/2 by

Iµ
2 = − e2

4π2 (1− c(a, b)) ∂ν

(
F ∗µν ∂α

∂2A
α

)
. (4.4)

This current is conserved, explicitly gauge dependent and
non-local. In addition to gauge invariance, if we impose
that the regularized axial current Jµ

5 must be local, the
function (2.16) must verify the constraint (2.20). There-
fore the strength of the axial anomaly is fixed uniquely to
its standard value if the regularized axial current is gauge
invariant and strictly local.

Can we understand the result (2.15) and (3.6) by com-
parison with other gauge invariant regularization schemes?

If we exclude dimensional regularization, which is in
some sense too formal and not adapted to Feynman di-
agrams containing the γ5 matrix, we first study the con-
nection with Pauli–Villars regularization. In this scheme
the regularized fermions loops are obtained by integration

over massive regulator fields of negative norm. Then, as
we know, the axial anomaly is given by [7]

(k1 + k2)µΓ
µγδ
5Reg(k1, k2)

= lim
m→0

lim
M→∞

(k1 + k2)µ

×
(
Γµγδ

5 (m, k1, k2)− Γµγδ
5 (M,k1, k2)

)
= lim

m→0
lim

M→∞

(
2mΓ γδ

5 (m, k1, k2)− 2MΓ γδ
5 (M,k1, k2)

)
= −i e

2

2π2 ε
γδρσk1ρk2σ. (4.5)

We obtain the same result if we replace the non-regularized
amplitudes (k1 + k2)µΓ

µγδ
5 on the right-hand side of (4.5)

by their regularized form (2.15). In this case the standard
value of the axial anomaly is just given by the difference
between the amplitudes (2.15) of the triangle graph rel-
ative to a massless electron and that of an electron with
infinite mass.

In lattice regularization the known result for the ax-
ial anomaly of QED is recovered if the regularized gauge
invariant action converges formally to the standard one
when the lattice spacing tends to zero and locality is as-
sumed [10]. In fact, under these general conditions the
lattice chiral Ward–Takahashi identity can be Taylor sub-
tracted at zero momentum, and then in the continuous
limit the Taylor subtracted lattice Feynman integrals
which enter this identity are finite. This implies that the
continuous limit of the Taylor subtracted lattice chiral
Ward–Takahashi identity converges uniformly to the stan-
dard anomalous Ward–Takahashi identity. Notice that like
in the scheme of Pauli–Villars, the regularization of the
continuous limit of the lattice regularization of the chiral
Ward–Takahashi identity is performed by subtracting the
potentially divergent terms in the integrand of the lattice
Feynman integrals.

5 Conclusion and summary

We have shown that in a non-perturbative gauge invari-
ant regularization scheme of QED, where the divergences
are regularized through the smearing of the point-like in-
teractions, the divergence of the axial current can be de-
duced from the regularized equations of motions. It follows
that at the one loop level, the anomalous Ward–Takahashi
identity thus obtained is finite but depends on the shape
of the cutoff functions. Since the latter relation is finite
one is not free to make any subtraction, if one assumes
that the relevant coupling constants which describe QED
are only the charge and electron mass. This in turn im-
plies that if a continuous non-perturbative regularization
is only restricted to preserve gauge invariance, the axial
anomaly is in general sensitive to the form of the cutoff
functions. Like in lattice regularization the strength of the
axial anomaly is fixed uniquely to its standard value if in
addition to gauge invariance strict locality is assumed for
the regularized axial current. In this case the parameters
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which define the shapes of the cutoff functions are con-
strained to verify the strong relation (2.20). For instance,
if all the cutoff functions which enter in the regularized
action of QED are identical, the standard value for the
axial anomaly cannot be recovered. This feature is not
seen in physical perturbative regularization schemes, even
in the continuous limit of lattice regularization, which is
also perturbative, because in all these methods the UV
divergences are subtracted.

In conclusion the axial anomaly in QED is only deter-
mined in a non-perturbative regularization scheme if both
gauge invariance and locality of the free axial current are
preserved. If locality is not assumed for this current, the
strength of the axial anomaly is finite and does not de-
pend on the rescaling of the cutoff, but depends on the
shape of the cutoff functions.
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